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A LOG-DET INEQUALITY FOR RANDOM MATRICES∗
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Abstract. We prove a new inequality for the expectation E [log det (WQ+ I)], where Q is a
nonnegative definite matrix and W is a diagonal random matrix with identically distributed nonneg-
ative diagonal entries. A sharp lower bound is obtained by substituting Q by the diagonal matrix
of its eigenvalues Γ. Conversely, if this inequality holds for all Q and Γ, then the diagonal entries of
W are necessarily identically distributed. From this general result, we derive related deterministic
inequalities of Muirhead- and Rado-type. We also present some applications in information theory:
We derive bounds on the capacity of parallel Gaussian fading channels with colored additive noise
and bounds on the achievable rate of noncoherent Gaussian fading channels.
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1. Introduction. In this paper, we present a lower bound on the expected value

(1) E [log det (WQ + I)] ,

where Q is a deterministic nonnegative definite Hermitian N × N matrix, W is an
N × N diagonal random matrix with identically distributed but not necessarily in-
dependent, nonnegative diagonal entries w1, . . . , wN , and I is the N × N identity
matrix. Expectations of this form occur in information theory, e.g., in the analysis
of the capacity of Gaussian channels. The evaluation of an expectation as in (1) is
usually difficult, because it requires the computation of an N -dimensional integral.
Our bound is, in general, much simpler to evaluate, because the bound involves only
N one-dimensional integrals.

An upper bound on (1) can easily be derived: Since the determinant is a log-
concave function on the set of positive definite matrices, it follows from Jensen’s
inequality that

E [log det (WQ+ I)] ≤ log det (E [W]Q+ I)(2)

= log det (E [W]Γ+ I) ,
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where Γ = diag (γ1, . . . , γN), the γj are the eigenvalues of Q, and it is assumed that
E[wj ] < ∞. The equality in (2) follows from the fact that E[W] is a scalar multiple
of the identity matrix, since w1, . . . , wN are identically distributed. In the present
paper, we derive a simple lower bound on (1) under general assumptions, and we
discuss various applications.

The rest of the paper is organized as follows. Section 2 contains the main con-
tribution of the paper, the new inequality in Theorem 1. Its proof is based on the
rearrangement inequality of Lorentz [18]. As a corollary, we obtain a set of deter-
ministic Muirhead- and Rado-type inequalities. In section 3, we give a more elemen-
tary proof of Theorem 1 under more restrictive assumptions using the concept of
L-superadditivity, and we discuss the tightness of the new inequality. To illustrate our
inequality, we present in section 4 several applications in information theory: First,
we derive bounds on the capacity of parallel Gaussian fading channels with colored
additive Gaussian noise. These new bounds quantify the increase in capacity due to
correlation in the noise. Second, we derive bounds on the achievable data rate of non-
coherent Rayleigh fading channels with Gaussian input symbols. In contrast to most
bounds in the existing literature, which are tailored to specific signal-to-noise ratio
(SNR) regimes, see, e.g., [17], [26], our bounds are uniformly tight in the sense that
the gap between the upper and the lower bound is small for all SNRs. In particular,
our bounds give a relatively accurate estimate of the achievable rate in the practically
relevant mid-SNR regime.

2. New determinantal inequalities.
Theorem 1. (a) Let W be an N × N diagonal matrix whose diagonal entries

w1, . . . , wN are identically distributed nonnegative random variables. Let Q be a
nonnegative definite Hermitian N × N matrix with eigenvalues γ1, . . . , γN and let
Γ = diag(γ1, . . . , γN). Then

(3) E[log det(WQ+ I)] ≥ E[log det(WΓ+ I)].

(b) Conversely, if W = diag(w1, . . . , wN ) is a nonnegative random diagonal ma-
trix with E[log(wj + 1)] < ∞ for at least one j ∈ {1, . . . , N} and if inequality (3)
holds whenever Q and Γ are nonnegative N ×N diagonal matrices having the same
eigenvalues, then w1, . . . , wN are identically distributed.

The proof is postponed to the end of this section. An important feature of Theo-
rem 1(a) is that no assumptions are made on the joint distribution of the wj—only the
marginal distributions have to be the same. Inequalities (3) and (2) can be written
in the form

(4) E[log det(w1Γ+ I)] ≤ E [log det (WQ+ I)] ≤ log det (E [w1]Γ+ I) ,

showing that the lower bound and the upper bound depend only on the one-dimen-
sional marginal distribution.

We note that in part (b) of the theorem (contrary to part (a)), the assumption
E[log(wj + 1)] < ∞ for at least one j ∈ {1, . . . , N} is needed. In fact, suppose
that w1, . . . , wN are nonnegative random variables with E[log(wj + 1)] = ∞ for all
j ∈ {1, . . . , N}. Then for W = diag(w1, . . . , wN ), both sides of (3) are equal to
infinity (in case Q �= 0) or equal to zero (in case Q = 0) for all pairs Q,Γ considered
in Theorem 1(b). That is, the remaining condition in part (b) is satisfied, but the
conclusion that w1, . . . , wN are identically distributed need not hold.

Theorem 1(a) implies as a special case a set of inequalities of classical Muirhead-
and Rado-type [13, pp. 44–48], [23], which are inequalities on sums of the form
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Σπ∈PF (cπ(1), . . . , cπ(N)), where P is a suitable set of permutations of {1, . . . , N}.
We will call a set P of permutations balanced if

(5) |{π ∈ P : π(i) = j}| = |P|
N

for all i, j = 1, . . . , N.

Examples of balanced sets P are the set of all permutations, the set of all circular
shifts, the set of all even permutations providedN �= 2, and the set of all permutations
that have exactly one fixed point. Moreover, if P is balanced, then the complement
of P , that is, the set of permutations of {1, . . . , N} that are not contained in P , is
balanced as well. The set of all permutations without fixed points is not balanced,
unless N = 1.

If P is a subgroup of the group of all permutations, it can be shown that the
balancedness of P is equivalent to the transitivity of P . A subgroup P is called
transitive if for each pair i, j ∈ {1, . . . , N}, there exists a π ∈ P such that π(i) = j;
for examples of transitive permutation groups, see [5].

If C is a diagonal matrix with diagonal entries c1, . . . , cN and π is a permutation,
we denote by Cπ the diagonal matrix with diagonal entries cπ(1), . . . , cπ(N).

Corollary 1. Let P be a nonempty set of permutations of {1, . . . , N}. The
inequality

(6)
∑
π∈P

log det(UCπU
H +D) ≥

∑
π∈P

log det(Cπ +D)

holds for every nonnegative N ×N diagonal matrix C, every positive N ×N diagonal
matrix D, and every unitary N ×N matrix U if and only if P is balanced.

Proof. To show that (5) is sufficient for (6), let σ be a random permutation that is
uniformly distributed on P . Set W = Cσ and Q = UHD−1U. The balancedness of
P implies that the diagonal entries of W are identically distributed. Hence, inequality
(6) follows from (3).

To show that (5) is necessary, suppose that (6) holds for all C, D, and U. Let
j ∈ {1, . . . , N}. For each i = 1, . . . , N , let Pi = {π ∈ P : π(i) = j}. The sets
P1, . . . ,PN are pairwise disjoint and

⋃
i Pi = P . We will show that |Pi1 | = |Pi2 | for

all i1, i2, which implies that indeed |Pi| = |P|/N for every i. Let i1 �= i2. Let U
be the permutation matrix that corresponds to the transposition that interchanges i1
and i2. Let λ > 0. Let C = diag(c1, . . . , cN), where cj = λ and ci = 0 for i �= j.
Let D = diag(d1, . . . , dN ), where di2 = 1 and di = λ2 for i �= i2. Observing that for
a diagonal matrix A = diag(a1, . . . , aN ) one has UAUH = diag(a′1, . . . , a

′
N), where

a′i1 = ai2 , a
′
i2
= ai1 , and a

′
i = ai for all i ∈ {1, . . . , N} \ {i1, i2}, we get from (6) that

1 ≤
∏
π∈P

det(UCπU
H +D)

det(Cπ +D)
=
∏
π∈P

(cπ(i2) + λ2)(cπ(i1) + 1)

(cπ(i1) + λ2)(cπ(i2) + 1)
=
∏
π∈P

r(π),

where r(π) = λ if π ∈ Pi1 , r(π) = 1/λ if π ∈ Pi2 , and r(π) = 1 otherwise. Hence,
1 ≤ λ|Pi1 |−|Pi2 |. As λ > 0 was arbitrary, it follows that |Pi1 | = |Pi2 |.

We now set out to prove Theorem 1. The proof of part (a) uses the following
version of Lorentz’s inequality for rearrangements [18].

Proposition 1. If Φ : [0,∞)N → R has continuous second-order partial deriva-
tives with respect to all variables, ∂2Φ/(∂vj∂vk) ≥ 0 for all j �= k, and if w1, . . . , wN

are identically distributed bounded nonnegative random variables, then

E[Φ(w1, . . . , wN )] ≤ E[Φ(w1, . . . , w1)].
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To see that Proposition 1 is a special case of Lorentz’s inequality assume, without
loss of generality, that the underlying probability space is the interval (0, 1) endowed
with the Lebesgue measure [9, Theorem 11.7.5]. Let w∗

j : (0, 1) → [0,∞) be the
decreasing rearrangement of wj , that is, w

∗
j (s) = sup{t ∈ [0,∞) : P (wj ≥ t) ≥ s}; see

[13, pp. 276–277]. Then, according to [18], E[Φ(w1, . . . , wN )] ≤ E[Φ(w∗
1 , . . . , w

∗
N )].

But if w1, . . . , wN are identically distributed, then w∗
1 = · · · = w∗

N and each w∗
j has

the same distribution as w1. Thus, E[Φ(w∗
1 , . . . , w

∗
N )] = E[Φ(w1, . . . , w1)].

The proof of Theorem 1(b) rests on the following uniqueness result for distribu-
tions.

Proposition 2. If x and y are nonnegative random variables with E[log(x+1)] <
∞ and

E[log(λx + 1)] = E[log(λy + 1)] for all λ > 0,

then x and y have the same distribution.
Proof. The conditions imply that E[log(x+λ)] = E[log(y+λ)] <∞ for all λ > 0.

The derivatives (∂/∂λ) log(x + λ) = (x + λ)−1 and (∂/∂λ) log(y + λ) = (y + λ)−1

are nonnegative and bounded from above by 1/λ. It follows that the derivatives
of the expectations with respect to λ can be computed by differentiation inside the
expectation signs; see, e.g., [3, p. 212]. Therefore, E[(x+λ)−1] = E[(y+ λ)−1] for all
λ > 0. Thus, the Stieltjes transforms of the distributions of x and y coincide, and it
follows that the distributions coincide; see [29, p. 336].

Proof of Theorem 1. (a) Let U be a unitary matrix such that UHQU = Γ. Fix
ε ∈ (0, 1] and set Γε = Γ+ εI and

Φ(v) = − log det(Γ1/2
ε UHVUΓ1/2

ε + I),

where v ∈ [0,∞)N and V = diag(v). Recall that for a differentiable positive def-
inite matrix function A(t), (∂/∂t) log detA = trA−1(∂A/∂t) and (∂/∂t)A−1 =
−A−1(∂A/∂t)A−1. Thus, for j, k = 1, . . . , N ,

∂2Φ(v)

∂vj∂vk
= − ∂2

∂vj∂vk
log det(V +UΓ−1

ε UH)

= [eTj (V +UΓ−1
ε UH)−1ek]

2 ≥ 0,

where ej is the jth column of I.

For K ∈ N, let w̃j(K) = wj1{wj≤K} and W̃(K) = diag(w̃1(K), . . . , w̃N (K)).
Then, by Proposition 1,

E[log det(Γ1/2
ε UHW̃(K)UΓ1/2

ε + I)] ≥ E[log det(w̃1(K)Γε + I)].

Letting ε→ 0 and using the bounded convergence theorem, we see that this inequality
remains true when Γε is replaced by Γ. Then letting K → ∞ and using monotone
convergence, we obtain

E[log det(Γ1/2UHWUΓ1/2 + I)] ≥ E[log det(w1Γ+ I)]

= E[log det(WΓ+ I)].

Using that det(AB + I) = det(BA + I) for all matrices A and B of appropriate
dimensions [14, Theorem 1.3.20], we obtain

E[log det(Γ1/2UHWUΓ1/2 + I)] = E[log det(UΓUHW + I)]

= E[log det(QW + I)],

which completes the proof of (a).
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(b) Let E[log(wj + 1)] < ∞. Let k ∈ {1, . . . , N} \ {j}. We will show that wk

has the same distribution as wj . Let λ > 0. Let Q be the N × N matrix with jth
diagonal entry equal to λ and all other entries equal to 0. Let Γ be the N ×N matrix
with kth diagonal entry equal to λ and all other entries equal to 0. Then, by (3),
E[log(λwj + 1)] ≥ E[log(λwk + 1)]. Interchanging the roles of Q and Γ yields the
reverse inequality, and so E[log(λwj + 1)] = E[log(λwk + 1)] for every λ > 0. Thus,
by Proposition 2, wk has the same distribution as wj .

3. Variations on the theme. The short proofs of Theorem 1(a) in its general
form and of the deterministic version in Corollary 1 relied on deep results from the
theory of rearrangements. It is instructive to look at a more elementary proof of
the theorem under more restrictive assumptions. The alternative approach uses the
concept of L-superadditivity.

A function F : [0,∞)N → R is called L-superadditive if

F (c+ hei + kej)− F (c+ hei)− F (c+ kej) + F (c) ≥ 0

for all c ∈ [0,∞)N , all i, j with 1 ≤ i < j ≤ N , and all h, k ∈ (0,∞); see [19,
Definition C.2, p. 213], [24, p. 58]. We note that if F has continuous second-order
partial derivatives, then L-superadditivity of F is equivalent to ∂2F/(∂ci∂cj) ≥ 0 for
all i �= j; see [19, p. 218].

If F is L-superadditive and P is a nonempty balanced set of permutations of
{1, . . . , N}, then for all nonnegative numbers c1, . . . , cN ,

(7)
1

|P|
∑
π∈P

F (cπ(1), . . . , cπ(N)) ≤ 1

N

N∑
j=1

F (cj , . . . , cj).

This follows from the elementary discrete version of Lorentz’s inequality given in [19,
Chapter 6, Proposition E.1(2)] applied to the N vectors (cπ(i))π∈P , i = 1, . . . , N . To
obtain the expression on the right-hand side of (7), note that, by (5), each of these
vectors contains each cj exactly |P|/N times.

3.1. A direct proof of inequality (6). Let

F (c) = − log det(UCUH +D),

where c = (c1, . . . , cN ) ∈ [0,∞)N and C = diag(c). As in the proof of Theorem 1(a)
in section 2, one can verify that the second-order partial derivatives ∂2F/(∂ci∂cj),
i �= j, are nonnegative, which implies L-superadditivity of F . However, we will give
a direct proof of L-superadditivity of F . Fix c ∈ [0,∞)N , i < j, and h, k > 0. Set
B = C+UHDU. Then

F (c+ hei + kej)− F (c+ hei)− F (c+ kej) + F (c)

= log
det(B+ heie

T
i )

det(B+ heieTi + kejeTj )

det(B+ keje
T
j )

detB

= log
1 + keTj B

−1ej

1 + keTj (B+ heieTi )
−1ej

,

where we have used that det(A + keje
T
j )/ detA = 1 + keTj A

−1ej. By [14, Corol-

lary 7.7.4], eTj B
−1ej ≥ eTj (B+ heie

T
i )

−1ej, and it follows that F is L-superadditive.
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Therefore, by (7),

∑
π∈P

log det(UCπU
H +D) = −

∑
π∈P

F (cπ(1), . . . , cπ(N))

≥ −|P|
N

N∑
j=1

F (cj , . . . , cj).

Moreover, denoting the diagonal entries of D by d1, . . . , dN , we have, by (5),

∑
π∈P

log det(Cπ +D) =
∑
π∈P

log

N∏
i=1

(cπ(i) + di)

=

N∑
i=1

log
∏
π∈P

(cπ(i) + di) =

N∑
i=1

log

N∏
j=1

(cj + di)
|P|/N

=
|P|
N

N∑
j=1

log det(cjI+D) = −|P|
N

N∑
j=1

F (cj , . . . , cj).

3.2. Near equivalence of Theorem 1(a) and Corollary 1. Interestingly,
Theorem 1(a) can be concluded from Corollary 1 under the additional assumption
that Q is positive definite and the nonnegative random variables w1, . . . , wN are ex-
changeable, that is, the distribution of (w1, . . . , wN ) is invariant under permutations.
The proof goes as follows.

Let P be the set of all permutations of {1, . . . , N}. ReplaceC in (6) by the random
matrixW = diag(w1, . . . , wN ) and apply expectations on the right- and left-hand side.
By exchangeability, Wπ has the same distribution as W for every permutation π, and
so E[log det(UWUH +D)] ≥ E[log det(W+D)]. Replacing D by Γ−1 and choosing
U so that Q = UHΓU, one obtains E[log det(W + Q−1)] ≥ E[log det(W + Γ−1)],
which is equivalent to (3).

3.3. Tightness of the inequalities. Recall thatW = diag(w1, . . . , wN ), where
w1, . . . , wN are identically distributed nonnegative random variables. The tightness
of inequality (3) strongly depends on the joint distribution of w1, . . . , wN .

The lower bound (3) and the upper bound (2) together yield

(8)

N∑
j=1

E [log (w1γj + 1)] ≤ E [log det (WQ+ I)] ≤
N∑
j=1

log (E[w1]γj + 1) .

Both inequalities become equalities in case of a Dirac distribution, i.e., if P (w1 = c) =
1 for some constant c. This shows that the bounds are sharp. There is also equality
in (3) if P (w1 = w2 = · · · = wN ) = 1 and if Q is a diagonal matrix.

4. Applications in information theory. We now set out to demonstrate the
usefulness of the key results from section 2 in information theory. Some of these results
have been applied in recent publications in the context of bounding the achievable rate
of noncoherent Gaussian fading channels [8] and in the context of demonstrating the
convergence of the conditional per symbol entropy [6]. Another information theoretic
application of rearrangements is given in [28], where a lower bound on the differential
entropy of a sum of independent random vectors is derived.
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4.1. Parallel Gaussian fading channels with colored additive Gaussian
noise. We consider a parallel Gaussian fading channel consisting of N individual
subchannels which can be described by the input-output relation

y = Hx+ n,

where y ∈ CN is an N -dimensional vector describing the complex channel output,
x ∈ CN is the channel input, n ∈ CN is additive Gaussian noise, and H = diag(h) is
a diagonal matrix with a vector h ∈ CN containing the channel fading weights of the
individual subchannels.

The noise n is assumed to be zero-mean proper complex Gaussian, cf. [22], which
we denote by n ∼ CN (0,Rn), where Rn = E[nnH ] is the covariance matrix of n.
We also assume that Rn is positive definite, as a singular Rn yields infinite capacity.
Hence, the probability density of n is given by

p(n) = π−N det(Rn)
−1 exp(−nHR−1

n n).

Moreover, the fading weights of the individual subchannels are also zero-mean proper
complex Gaussian. They are assumed to be independent and identically distributed
(i.i.d.) such that the covariance matrix is given by

Rh = E
[
hhH

]
= σ2

hI.

Finally, we assume x,h, and n to be mutually independent.
Parallel Gaussian channels with colored noise have been studied in various pub-

lications. The basic setup without fading has, e.g., been studied in [4, Chapter 9.5].
If the individual subchannels of the parallel channel are assumed to be a series of
channel uses over time with Rn being a Toeplitz matrix, this setup corresponds to a
stationary channel with colored Gaussian noise, as it has for example been considered
by Kim [16] when studying stationary additive Gaussian noise channels with feed-
back. While these papers do consider parallel Gaussian channels with colored noise,
we extend this setup with fading. For this channel, we study the capacity and the
outage probability. To the best of our knowledge, there are no results on the capacity
and outage probability of parallel Gaussian channels with fading.

4.1.1. Capacity. We focus on the case that the receiver knows the realization
of the channel h, and so we consider the mutual information I(x;y,h) between the
channel input x on the one hand and the output y and the channel h on the other.
The ergodic capacity, also referred to as Shannon capacity, is defined by

(9) C = max
p(x) :E[xHx]≤NPavg

I(x;y,h),

where the maximization is over all input densities p(x) fulfilling the average power
constraint E[xHx] ≤ NPavg. That is, NPavg is the maximum average sum input
power over all subchannels.

To the best of our knowledge, no closed-form expression for the capacity is avail-
able, but the inequalities (4) can be applied to derive useful bounds. We will show
that

(10)
N∑

k=1

E[log(Pavgψ
−1
k z + 1)] ≤ C ≤

N∑
k=1

log

(
ψ−1
k

[
Pavgσ

2
h +

1

N
tr(Rn)

])
,
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where ψ1, . . . , ψN are the eigenvalues of Rn and z is an exponential random variable
with mean σ2

h.
By the convexity of log(Pavgψ

−1z+1) in the variable ψ > 0, one easily concludes
that among all noise covariance matrices Rn with 1

N tr(Rn) = σ2
n, the lower bound

in (10) is minimized if Rn = σ2
nI, that is, if the Gaussian noise on the different

subchannels is independent. For this specific case, the capacity is known and is equal
to the minimum NE[log(Pavgσ

−2
n z + 1)]. Hence, the new bounds in (10) quantify

the possible increase in capacity when the noise on the individual subchannels is
correlated.

In the following, we prove inequalities (10). After using the chain rule for mutual
information [4, Theorem 2.5.2], we can express I(x;y,h) based on the differential
entropy as

I(x;y,h) = I(x;y|h) + I(x;h)

= h(y|h) − h(y|x,h),(11)

where (11) follows from the independence of x and h yielding I(x;h) = 0, and with
the differential entropies

h(y|h) = E [− log p(y|h)] , h(y|x,h) = E [− log p(y|x,h)] .

As p(y|x,h) is proper complex Gaussian with covariance matrix Rn, it follows
that

(12) h(y|x,h) = log det (πeRn) .

To bound h(y|h), we use that, according to [22, Theorem 2], proper complex Gaus-
sian random vectors maximize the differential entropy among all continuous complex
random vectors with a given covariance matrix. Since

E[(y − E[y|h])(y − E[y|h])H |h] = HRxH
H +Rn,

where Rx = E[(x− E[x])(x − E[x])H ], it follows that

(13) h(y|h) ≤ Eh

[
log det

(
πe
(
HRxH

H +Rn

))]
with equality if x ∼ CN (0,Rx). Hence, by (11) and (12),

(14) C = max
tr(Rx)≤NPavg

Eh

[
log det

(
HRxH

HR−1
n + I

)]
.

The following lemma allows us to conclude that the maximum in (14) is achieved
by a diagonal matrix Rx, i.e., by a channel input x with independent elements. Its
proof is given in Appendix A.

Lemma 1. If W ∈ CN×N is a random diagonal matrix with independent zero-
mean proper complex Gaussian diagonal elements and B ∈ CN×N is a positive definite
matrix, then the maximization

max
tr(Q)≤c

E
[
log det

(
WQWHB−1 + I

)]
over all nonnegative definite matrices Q ∈ CN×N with tr(Q) ≤ c and c a positive
constant has a diagonal matrix Q as solution.
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With Lemma 1, the capacity in (14) is given by

C = max
tr(Λx)≤NPavg

Eh

[
log det

(
HΛxH

HR−1
n + I

)]
(15)

= max
tr(Λx)≤NPavg

Ez

[
log det

(
ZΛxR

−1
n + I

)]
,

where Z = HHH = diag(z) and the maximum is taken over all nonnegative diagonal
N × N matrices Λx with tr(Λx) ≤ NPavg. The special choice Λx = PavgI and the
lower bound in (4) give the lower bound in (10).

For every nonnegative diagonal N ×N matrix Λx, the upper bound in (4) gives

Ez

[
log det

(
ZΛxR

−1
n + I

)]
= Ez

[
log det

(
ZΛ1/2

x R−1
n Λ1/2

x + I
)]

≤ log det
(
σ2
hΛ

1/2
x R−1

n Λ1/2
x + I

)
= log det

(
σ2
hΛx +Rn

)− log detRn,

and if tr(Λx) ≤ NPavg, then, by the arithmetic-geometric mean inequality,

log det(σ2
hΛx +Rn) ≤ N log

(
1

N
tr(σ2

hΛx +Rn)

)
≤ N log

(
σ2
hPavg +

1

N
tr(Rn)

)
.

The upper bound in (10) now follows from (15).

4.1.2. Capacity achieving input distribution. A distribution at which the
maximum in (9) is attained, that is, a capacity achieving input distribution, is given by
the CN (0,Λx)-distribution, where Λx solves the maximization problem in (15). An
explicit description of the solution is not known for general Rn. We now address the
question when the input distribution CN (0, PavgI), generating i.i.d. Gaussian input
symbols, is capacity achieving. This question leads to the case of a “balanced matrix”
Rn.

We say that anN×N matrixB = (bkl) is balanced if there is a nonempty balanced
set P of permutations of {1, . . . , N}, i.e., a set P satisfying (5), such that

(16) bkl = bπ(k),π(l) for all k, l = 1, . . . , N and all π ∈ P .
For example, taking the balanced set P of all circular shifts, one sees that every
circulant matrix is balanced.

From the next lemma, whose proof is given in Appendix B, it follows that if Rn

is balanced, then Λx = PavgI achieves the maximum in (15). The case where Rn

is a circulant matrix turns out to be relevant for bounding the capacity of a fading
channel with stationary colored noise; see section 4.1.3.

Lemma 2. If W ∈ CN×N is a random diagonal matrix with nonnegative ex-
changeable random variables on the diagonal and B ∈ CN×N is a positive definite
balanced matrix, then

max
tr(Λ)≤c

E
[
log det

(
WΛB−1 + I

)]
= E

[
log det

( c
N

WB−1 + I
)]
,

where the maximization is over all nonnegative diagonal N × N matrices Λ with
tr(Λ) ≤ c and c a positive constant. Hence, the maximum is attained at Λ = c

N I.
Thus, if Rn is balanced, then by (15) and Lemma 2, C = E[log det(PavgZR

−1
n +

I)]. For this case, the upper bound on C in (10) can be improved: By (8),

(17)
N∑

k=1

E[log(Pavgψ
−1
k z + 1)] ≤ C ≤

N∑
k=1

log(Pavgψ
−1
k σ2

h + 1).
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We note that for every positive definite Rn, not necessarily balanced, and for the fixed
input distribution x ∼ CN(0, PavgI), the bounds in (17) are bounds on the achievable
date rate, i.e., on the mutual information I(x;y,h).

Expressing the expectations in the lower bound in (17) in terms of the exponential

integral Ei(ξ) =
∫ ξ

−∞ et/t dt and using that

(18) 0 ≤ log(x+ 1) + e1/xEi

(
− 1

x

)
≤ γ

with γ ≈ 0.57721 being the Euler constant, one can show that the difference be-
tween the upper bound and the lower bound in (17) is itself upper-bounded by
Nγ [nat/channel use]; cf. [8, section III-E]. Hence, for every positive definite ma-
trix Rn, we have found narrow bounds on the achievable rate with i.i.d. Gaussian
input symbols; and the bounds on the capacity are guaranteed to be narrow when Rn

is balanced.

4.1.3. Capacity of a fading channel with stationary colored noise. Now
we assume that the parallel subchannels are individual channel uses of a Gaussian
fading channel in temporal domain, having stationary colored additive Gaussian noise
and independent fading realizations. The additive Gaussian noise process {nk} has
the covariance function rn(l) = E[nk+ln

∗
k]. We assume that

∑∞
l=−∞ |rn(l)| < ∞.

This implies that {nk} has a power spectral density (PSD) given by

Sn(f) =

∞∑
l=−∞

rn(l)e
−j2πlf , |f | < 0.5,

where f is the normalized frequency and j =
√−1. We also assume that Sn is positive.

For this scenario, the capacity is defined by

(19) C∞ = lim
N→∞

1

N
max

p(x) :E[xHx]≤NPavg

I(x;y,h),

i.e., we normalize the mutual information by the number of channel uses N . To
evaluate (19), we substitute the sequence of Hermitian Toeplitz matricesRn = (rn(k−
l))N−1

k,l=0, N = 1, 2, . . . , by an asymptotically equivalent sequence of circulant matrices
having the same asymptotic eigenvalue distribution; see [11, equation (4.32)]. We can
then apply the bounds for the parallel channel in (17) and get by [11, Lemma 11,
Theorem 4],

(20) lim
N→∞

1

N

N∑
k=1

E

[
log

(
Pavgz

ψk
+ 1

)]
≤ C∞ ≤ lim

N→∞
1

N

N∑
k=1

log

(
Pavgσ

2
h

ψk
+ 1

)
.

Note that all the eigenvalues ψ1, . . . , ψN of Rn depend on N and that, by [11,
Lemma 6], they are bounded and bounded away from zero.

Using Szegö’s theorem on the asymptotic eigenvalue distribution of Hermitian
Toeplitz matrices [12, pp. 64–65], [11, Theorem 9], the bounds in (20) become

(21)

∫ 1
2

f=− 1
2

E

[
log

(
Pavgz

Sn(f)
+ 1

)]
df ≤ C∞ ≤

∫ 1
2

f=− 1
2

log

(
Pavgσ

2
h

Sn(f)
+ 1

)
df.

The difference between the upper and the lower bound in (21) is bounded (in nats)
by the Euler constant γ.
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Similar to the case of finite N discussed in sections 4.1.1 and 4.1.2, the new
bounds in (21) allow one to evaluate the possible increase in capacity in case the
additive Gaussian noise is colored in comparison to white noise, where for the latter
case the capacity is known and is given by the left-hand side of (21) with Sn(f) being
constant for f ∈ [−1/2, 1/2].

4.1.4. Outage probability. We can also apply the new inequality given in
Theorem 1 for bounding the outage probability of the parallel Gaussian fading channel
with colored noise and input vector x ∼ CN (0, PavgI). The outage probability pout(t)
is the probability that the instantaneous mutual information falls below a given value
t > 0, that is, cf. (11) to (13),

pout(t) = P
(
log det(PavgHHHR−1

n + I) ≤ t
)
= P

(
log det(PavgZR

−1
n + I) ≤ t

)
with Z = HHH = diag(z1, . . . , zN ).

While we are not aware of any closed-form expression for pout(t), it can be bounded
as follows. Markov’s inequality and (8) yield the following lower bound:

pout(t) ≥ 1− 1

t
E
[
log det(PavgZR

−1
n + I)

] ≥ 1− 1

t

N∑
k=1

log
(
Pavgψ

−1
k E[z1] + 1

)
.

With the Paley–Zygmund inequality, see, e.g., [15, p. 8], and Theorem 1, an upper
bound on pout(t) is given by

pout(t) ≤ 1−
(
E
[
log det(PavgZR

−1
n + I)

] − t
)2

E
[(
log det(PavgZR

−1
n + I)

)2]

≤ 1−
(∑N

k=1 E[log(Pavgψ
−1
k z1 + 1)]− t

)2
E
[(
log det(PavgZR

−1
n + I)

)2](22)

for 0 < t ≤∑N
k=1E[log(Pavgψ

−1
k z1 + 1)].

The bound in (22) can further be estimated from above using

E
[(
log det(PavgZR

−1
n + I)

)2]
= E

[(
log det(PavgHUΨ−1

n UHHH + I)
)2]

≤ E
[(
log det(Pavgψ

−1
minZ+ I)

)2]

= E
[( N∑

k=1

log
(
Pavgψ

−1
minzk + 1

))2]

= NE
[(
log
(
Pavgψ

−1
minz1 + 1

))2]
+N(N − 1)

(
E
[
log
(
Pavgψ

−1
minz1 + 1

)])2
,

where we have used the spectral decomposition Rn = UΨnU
H with U being unitary,

Ψn = diag(ψ1, . . . , ψN ), and where ψmin is the minimal eigenvalue of Rn.

4.2. Achievable rate of noncoherent Gaussian fading channels. Expec-
tations of the form (1) occur also in the analysis of the achievable rate of noncoherent
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Gaussian fading channels where the channel state information is unknown to the re-
ceiver [2], [27, Chapter 2]. In this scenario, the complex channel output y ∈ CN is
given by

(23) y = Xh+ n.

Here, h ∈ CN is a vector containing the complex channel fading weights, whose proba-
bility distribution is again proper complex Gaussian CN (0,Rh) with the nonnegative
definite Hermitian Toeplitz matrix Rh describing the covariance of the stationary
channel fading process. Moreover, X is a diagonal matrix whose diagonal entries are
provided by the components of the random channel input x ∈ CN . Finally, n ∈ CN is
additive white Gaussian noise such that n ∼ CN (0, I). The vector size N denotes the
number of channel uses. The random quantities x, n, and h are mutually independent.

In contrast to the scenario discussed in section 4.1, now the realization of h
is not known to the receiver (noncoherent setting). Thus, the channel in (23) is
described by the conditional probability density p(y|x), which is the density of the
CN (

0,XRhX
H + I

)
-distribution. This distribution governs the complex random

channel output y ∈ CN , given the random channel input x ∈ CN .

The maximum achievable data rate of this channel, i.e., the Shannon capacity, is
given by

(24) C∞ = lim
N→∞

{
1

N
max

p(x) :E[xHx]≤NPavg

I(x;y)

}
,

where the maximization is over all input densities p(x) fulfilling the power constraint.

The capacity of the class of noncoherent channels, which is particularly important
as it applies to many realistic mobile communication systems, has received a lot of
attention in the literature. However, as its treatment is rather difficult, all prior works
consider different simplifications. In [20], a block-fading channel model is considered,
where the channel is assumed to be constant over a block of symbols and changes
independently from block to block. The capacity of stationary fading channels, cf.
(24), has been investigated in [17] for an asymptotic high-SNR when Pavg is large.
In [10], the approximate behavior of the capacity for different SNR regimes has been
studied. Moreover, in [25] and [26], the low-SNR behavior of the capacity with a
peak power constraint has been investigated, i.e., |xk|2 ≤ Ppeak, where xk are the
components of x. The works [1], [7], and [21] focus on the achievable rate with input
distributions containing training sequences. The training sequences are known at
the receiver and are used for channel estimation and coherent detection. In general,
however, the capacity of noncoherent stationary fading channels is not known so far.

In the following, as the evaluation of the capacity in (24) turns out to be very
difficult, we focus on the achievable data rate with i.i.d. zero-mean proper complex
Gaussian input symbols, i.e., instead of considering the maximization in (24), we fix
the input distribution to x ∼ CN (0, PavgI) for every N . Clearly, this simplification
does not yield the capacity. However, this choice is interesting as it is capacity-
achieving in case the fading realization h is known to the receiver (coherent setting).
As an application of inequalities (4), we can derive bounds on I(x;y) for every N and
get bounds on the achievable rate and, in particular, a lower bound on C∞. It can be
shown that the gap between the upper and the lower bound on the achievable rate
is less than 2γ [nat/channel use] uniformly for all SNRs with γ ≈ 0.57721 being the
Euler constant.
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Let N be given. The mutual information I(x;y) can be expressed as

(25) I(x;y) = h(y)− h(y|x)
with the differential entropies h(y) = E[− log p(y)] and h(y|x) = E[− log p(y|x)].

The differential entropy h(y) can be bounded as

(26) NE
[
log
(
πe(|h1|2Pavg + 1)

)] ≤ h(y) ≤ N log
(
πe(σ2

hPavg + 1)
)
,

where h1 is the first component of h and σ2
h = E

[|h1|2]. See [8], [22] for the upper
bound. The lower bound follows from

h(y) ≥ h(y|h) = I(x;y|h) + h(y|x,h)
= NE

[
log
(|h1|2Pavg + 1

)]
+N log(πe).

As the conditional distribution of y given x is a CN (
0,XRhX

H + I
)
-distribution,

(27) h(y|x) = E
[
log det

(
πe
(
XRhX

H + I
))]

= E [log det (πe (ZRh + I))] ,

where Z = XHX. It is rarely possible to compute h(y|x) explicitly, but since the
channel input symbols are identically distributed, expression (27) matches the general
form (1), so that we can apply inequalities (4) to obtain the following simple bounds:

(28) N log(πe) +

N∑
j=1

E[log(|x1|2γj +1)] ≤ h(y|x) ≤ N log(πe) +

N∑
j=1

log(γjPavg +1),

where γ1, . . . , γN are the eigenvalues of Rh. Observing that |x1|2 has an exponential
distribution with mean Pavg, we can express the expectations in the lower bound in
terms of the exponential integral and obtain

(29) h(y|x) ≥ N log(πe)−
∑

j:γj>0

e1/(γjPavg)Ei

(
− 1

γjPavg

)
.

From (28), (29) together with (25), (26), we get

(30) −Ne1/(σ
2
hPavg)Ei

(
− 1

σ2
hPavg

)
−

N∑
j=1

log(γjPavg + 1)

≤ I(x;y) ≤ N log
(
σ2
hPavg + 1

)
+
∑

j:γj>0

e1/(γjPavg)Ei

(
− 1

γjPavg

)
.

By (18), the gap between the upper bound and the lower bound in (30) is not larger
than 2Nγ.

As an example, consider a stationary 1-dependent channel fading process, so that
the covariance matrix Rh is a nonnegative definite tridiagonal matrix with common
diagonal entries 1, say, and common superdiagonal entries ρ �= 0. The eigenvalues of
Rh are

γj = 1− 2|ρ| cos jπ

N + 1
, j = 1, . . . , N ;

see, e.g., [12, p. 67].
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If ρ → 0, then γj → 1 and the difference between h(y|x) and the lower bound
in (29) converges to 0. If Pavg → 0, then the upper bound and the lower bound on
h(y|x) converge to N log(πe), so that the difference between h(y|x) and either bound
converges to 0. The latter holds also for the bounds on I(x;y) in (30). Note that
for the bounds on h(y|x), no assumption on the dependence structure of the xj is
required.

Using a Riemann sum argument, we now obtain the following bounds on the
capacity and the achievable rate:

C∞ ≥ lim
N→∞

1

N
I(x;y) ≥ −e1/PavgEi

(
− 1

Pavg

)
−
∫ 1

0

log({1−2|ρ| cos(uπ)}Pavg+1) du

and

lim
N→∞

1

N
I(x;y) ≤ log (Pavg + 1) +

∫ 1

0

∫ 0

−∞

et

t− [{1− 2|ρ| cos(uπ)}Pavg]−1
dt du,

provided |ρ| < 1
2 .

In conclusion, based on the new inequality (3), we have been able to derive bounds
on the achievable rate with i.i.d. zero-mean proper complex Gaussian input symbols
which are tight in the sense that the gap between the upper and the lower bound
is bounded by 2γ independent of Pavg, i.e., the SNR. Thus, these bounds hold in
particular in the practically relevant mid-SNR regime. By contrast, most existing
literature focuses on specific SNR regimes, mostly either on the low- or on the high-
SNR regime.

Appendix A. Proof of Lemma 1. We have to show that the maximum of

Ψ(Q) = E
[
log det

(
WQWHB−1 + I

)]
over all nonnegative definite matrices Q with tr(Q) ≤ c is achieved by a diagonal
matrix Q.

Let S = {diag(s) : s ∈ {−1, 1}N}. Obviously, if Q is nonnegative definite, then so
is SQS for every S ∈ S. The function Ψ is concave on the set of nonnegative definite
matrices Q. Moreover, the following invariance property holds:

Ψ(SQS) = Ψ(Q) for all S ∈ S and all nonnegative definite Q

as

W(SQS)WH = (WS)Q(WS)H

and WS is diagonal with independent diagonal elements having the same zero-mean
proper complex Gaussian distribution as the corresponding diagonal elements of W.
That is, WS and W have the same distribution and

Ψ(SQS) = E
[
log det

(
(WS)Q(WS)HB−1 + I

)]
= E

[
log det

(
WQWHB−1 + I

)]
= Ψ(Q).

For every nonnegative definite Q with tr(Q) ≤ c, let Q̄ be the diagonal matrix
with the diagonal elements of Q on its diagonal. Clearly, Q̄ is again nonnegative
definite with tr(Q̄) ≤ c. Moreover,

Q̄ = 2−N
∑
S∈S

SQS,
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and with the concavity and invariance of Ψ, it follows that

Ψ(Q̄) ≥ 2−N
∑
S∈S

Ψ(SQS) = Ψ(Q).

Hence, Ψ(Q) is maximized by a diagonalQ on the set of nonnegative definite matrices
with tr(Q) ≤ c.

Appendix B. Proof of Lemma 2. We have to show that the maximum of

Ψ(Λ) = E
[
log det

(
WΛB−1 + I

)]
= E [log det (WΛ+B)]− log det (B)

over all nonnegative diagonal matrices Λ with tr(Λ) ≤ c is achieved by Λ = c
N I.

Since B is a balanced matrix, there exists a nonempty balanced set P of per-
mutations satisfying (16). For every π ∈ P and nonnegative diagonal matrix Λ =
diag(λ1, . . . , λN ), let Λπ = diag(λπ(1), . . . , λπ(N)). Using (16) and the fact that the
diagonal elements of the diagonal matrix W are exchangeable random variables, it
can easily be verified that

Ψ(Λπ) = Ψ(Λ) for all π ∈ P .

Using this invariance property, the concavity of log det on the set of positive
definite matrices, and (5), it follows that

Ψ(Λ) =
1

|P|
∑
π∈P

Ψ(Λπ) ≤ Ψ

(
1

|P|
∑
π∈P

Λπ

)
= Ψ

(
tr(Λ)

N
I

)
≤ Ψ

( c
N

I
)

if tr(Λ) ≤ c. This concludes the proof.
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[24] L. Rüschendorf, Solution of a statistical optimization problem by rearrangement methods,

Metrika, 30 (1983), pp. 55–61.
[25] V. Sethuraman, B. Hajek, and K. Narayanan, Capacity bounds for noncoherent fading

channels with a peak constraint, in Proceedings of the IEEE International Symposium on
Information Theory (ISIT), Adelaide, Australia, 2005, pp. 515–519.

[26] V. Sethuraman, L. Wang, B. Hajek, and A. Lapidoth, Low-SNR capacity of noncoherent
fading channels, IEEE Trans. Inform. Theory, 55 (2009), pp. 1555–1574.

[27] D. Tse and P. Viswanath, Fundamentals of Wireless Communication, Cambridge University
Press, Cambridge, 2005.

[28] L. Wang and M. Madiman, Beyond the entropy power inequality, via rearrangements, IEEE
Trans. Inform. Theory, 60 (2014), pp. 5116–5137.

[29] D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, NJ, 1941.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


