RWTH

Fundamentals of Big Data Analytics I I phair for Theoretical

Information Technology

Prof. Dr. Rudolf Mathar, Dr. Arash Behboodi, Markus Rothe

Exercise 2

- Proposed Solution -
Friday, October 26, 2018

Solution of Problem 1

a) Since W = V., W — V is non-negative definite. Therefore x* (W — V)x > 0 for all
x € R", which means:
x'Wx > xTVx.

Using Courant-Fischer theorem, it is known that:

max min  x! Wx = A (W).
S:dim(S)=k x€S;|z|l2=1

and

max min ~ x’Vx = \(V).
S:dim(S)=k z€S;|z|2=1

However xI Wx > xTVx implies that A\, (W) > \.(V).
b) Since W = V, W — V is non-negative definite. Therefore x"(W — V)x > 0 for all

x € R™. Choose x = e; where e; is ith canonical basis with all zero elements except the
ith element equal to one. Namely e;(j) = 0 for j # i and e;(i) = 1. For example:

0

1
€y =

0
Therefore elT(W - V)ez = W;; — Uy and since W — V i 0, Wi; — Uy Z 0. Vii S Wi for
1=1,...,n

c) Similar to the previous problem, choose the vector e;; such that e;;(k) =0 for j # i,

and e;;(i) = 1 and e;;(j) = —1. For example:
o
1
e = |1
- O -

Since W —V = 0, e/;(W — V)e;; > 0, but:
(w1 — vi) — (w15 — i)
(Wi — va;) — (w; — va)

(W—=Ve; =

(wm' - Um') - (wnj - Unj)



and
e (W = V)ey; = [(wii — vii) — (wij — vi)] — [(wji — v3i) — (wj; — vj;)]
[wii + wj; — 2wi] — [vi + vj; — 2]
Since ez;- (W — V)eij Z 0, it holds that: Vii + Vj5 — QUZ‘]' S Wi; + Wi — 221)1]

d) From the second part of the exercise, v; < wy;, for i = 1,...,n. Therefore :
i=1 i=1

e) Note that det(V) =TT, Ai(V) and det(W) = [, \i(W). Using the first part of this
exercise \;(V) < \;(W), for i = 1,...,n. Since all eigenvalues are non-negative, it holds

that det(V) < det(W).

Solution of Problem 2

The radii r; = min{R;, C;} of the discs are calculated by the aid of R; = Y}, |a;;| and
C; = Y11 |ail, and are given in the following table. The diagonal elements o]f j4 are the
centers (Z)f]the discs.

Table 1: The centers and radii of Gerschgorin’s circles

Q5 7 R; | C;
10 [ 0.8 2.0]0.8
9 0.8 081.1
5+1 [ 0.5 |1 0.5 | 1.4
6 1.0 1.0 1.1
1 0.6 07106

Tt = W N | .

From the below figure we can observe that all areas of the circles are located on the right side
of the plane. But having positive eigenvalues is not sufficient for A being positive definite.
Since it is not symmetric, it will not be positive definite. Furthermore, we observe the limits
Amin = as5 — 5 = 0.4 and A = a11 + 71 = 10.8. Note that since the disc located at ass is
disjoint from the others it contains exactly one of the eigenvalues.
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Solution of Problem 3
(Weights on A Leverage)

A beam has niches with distances d; > - -- > d,, from the pivot. There are n weights of weight
Wiy ..., Wh.

e The torque is calculated using the following equation:

T =2 wipds,
i=1
where f:{1,...,n} = {1,...,n} is a bijective function. The weight wy; is placed in
the niche ¢. Considered the ordered version of weights given by w;) > wp > wy,. We
have the following inequality:

n

> wiapydi <Y wd;.
=1

i=1

We prove this using Abel’s partial summation formula:

n n—1
Z ab; = Z(a'i — ai41)B; + a, B,
i=1 i=1

where B; = Zj-:l b;. For example see:
a1b1 -+ a2b2 -+ agbg = (CL1 — ag)bl + (CLQ — a3)(b1 + bz) + ag(bl —+ b2 -+ bg)

Applying this summation to >2i; wy;)d;, we have:

n n—1
Yo wiwdi = Y Wiw(di = digr) + Winydn,
=1 =1

with Wy = 22:1 wy(j)- On the other hand we have:

n n—1

Z wmdz’ = Z W[i]<di - di+1) + W[n]dm

i=1 i=1
with W[i] = Z;‘:l wij)-
Consider Wy(;y and W;). Since W), is the sum of 7 largest weights, we have:

Wiay < W,
and since d; — d; 1 > 0, we have:
(di = dig1) Wiy < (di — dig1) W)

This implies that:

n—1 n—1
> Wiy (di — dis1) + Wimydn <> Wig(di — dis1) + Widn.
=1 i=1

Hence,
> wpidi <Y wdi
i=1 i=1

Therefore the torque is maximized by putting the weights in an order on niches such
that the largest one is on d; and decreasing afterward.



e For any given assignment of weights to niches, if the order follows the suggestion
above, there is no room for improvement. Otherwise assume that for an assignment
wyry < wyj) for k < j and assume d;’s are different. Replacing these two weights will
increase the torque. To see this, denote the new assignment by f*(-) and see that:

S Wy di—Y winds = dj (W — W) (Wi —wrw) = (Wi —wee) (de—d;) >0
=1 =1

where the last inequality follows from the assumption wyu) < wy(;) and dy, > d; for
kE<j.



