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Solution of Problem 1

a)

b)

The dominant eigenvalue Agom is visible when the ratio o = £ is less than B2, With

Baom = B2 = 0.5 we obtain nyi, = no = & = 2000. For this number of samples, the
2
dominant eigenvalue of the sample covariance S,, tends to (1 + ,/72)? = (1 +0.5)* =

2.25 > 1.5. The distance (vg, Vgom) = iziég? is equal to zero. Figure 1 shows eigenvalue
distributions for this choice.

To see both eigenvalues the ratio v, = n% must be less than 2. With 8, = 0.2 we

obtain n; = 4 = 12500. For this number of samples, the dominant eigenvalue Aqop, of
1

the sample covariance S,, tends to (14 f2)(1+ %) =1.5-1.08 =1.62~ 1.5 =1+ .

The distance (v2, Vgom) = % is equal to 0.913 &~ 1 which shows that v, is nearly a

unit norm vector parallel to the dominant eigenvector vgom. Figure 2 shows eigenvalue
distributions for this choice.

By enlarging n to 50000 both eigenvalues §; and f2 become visible in the Marchenko-
Pastur density as shown in Figure 3.

Solution of Problem 2

1 , . , 1
E,x") = <Ik klklg> xU) = xU) — —1,17TxD) = xU) — z Zx(j)lk
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Figure 1: Eigenvalues of S,, for Spike model with 5; = 0.2, 8, = 0.5, n = 2000

70 Histogram of Eigenvalues, beta=0.2

— Marchenko Pastuf density
[ Empirical PDF

60 TN

w
o
T

ey
o
T

w
o
T

Empirical Density

N
o
T

TOb -l ..................

Figure 2: Eigenvalues of S,, for Spike model with 5; = 0.2, 8, = 0.5, n = 12500
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Figure 3: Eigenvalues of S,, for Spike model with 5; = 0.2, 5, = 0.5, n = 50000

Solution of Problem 3
We start by expanding the following difference

+B+y—(1+2y7+7) =L +B8-2/7

(+0)0+ ) = (1+y7) =1+ ;

B
=289+ 8 (V- 6)
B B

Since S > 0 we have that

1+ +3) = 1+ Vi) - “Bﬁ) |

yielding

(1+6)(1+%)>(1+ﬁ)2

which proves the statement.



