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Solution to Exercise 16.

Let ϕ : N→ N the Euler ϕ-function, i.e., ϕ(n) = |Z∗
n| with Z∗

n = {a ∈ Zn | gcd(a, n) = 1}.

(a) Let n = p be prime. It follows
Z∗

p = {a ∈ Zp | gcd(a, p) = 1} = {1, 2, . . . , p− 1} ⇒ ϕ(p) = p− 1.

(b) Let n = pk for a prime p and k ∈ N. For 1 ≤ a ≤ pk it holds

1) p . a⇒ gcd
(
a, pk

)
= 1, and

2) p p a⇒ gcd
(
a, pk

)
≥ p.

It follows Z∗
pk

= {1 ≤ a ≤ pk}︸ ︷︷ ︸
pk elements

\ {1 ≤ a ≤ pk | p p a}︸ ︷︷ ︸
pk−1 elements

. Consequently, it holds

ϕ
(
pk
)
= pk − pk−1 = pk−1(p− 1).

(c) Let n = p q for two primes p 6= q. It holds

1) p p a ∨ q p a⇒ gcd (a, p q) > 1, and

2) p . a ∧ q . a⇒ gcd (a, p q) = 1.

It follows

Z∗
p q = {1 ≤ a ≤ p q − 1}︸ ︷︷ ︸

p q−1 elements

\

{1 ≤ a ≤ p q − 1 | p p a}︸ ︷︷ ︸
q−1 elements

·
∪ {1 ≤ a ≤ p q − 1 | q p a}︸ ︷︷ ︸

p−1 elements

.
Consequently,
ϕ (p q) = p q − 1− (q − 1− p− 1) = p q − p− q + 1 = (p− 1)(q − 1) = ϕ(p)ϕ(q).

(d) ϕ(4913) = ϕ (173)
(b)
= 172(17− 1) = 4624 and

ϕ(899) = ϕ (302 − 12) = ϕ((30− 1)(30 + 1)) = ϕ(29 · 31) (c)
= 28 · 30 = 840.


