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Solution to Exercise 5.

Claim: For a, b ∈ N, it holds that ϕ(ab) = ϕ(a)ϕ(b) if gcd(a, b) = 1.

Remark : gcd(a, b) = 1⇒ gcd(ab,m) = gcd(a,m) · gcd(b,m).

It further holds that:

gcd(a,m) · gcd(b,m) = 1

⇔ gcd(a,m) = 1 ∧ gcd(b,m) = 1.

The (multiplicative) totient (Euler-phi) function is:

ϕ(n) = |Z∗
n| = |{x ∈ Zn | gcd(x, n) = 1}|.

Consider the following sets:

Z∗
a = {x ∈ Za | gcd(x, a) = 1}, ϕ(a) = |Z∗

a|,
Z∗

b = {x ∈ Zb | gcd(x, b) = 1}, ϕ(b) = |Z∗
b |,

Z∗
ab = {x ∈ Zab | gcd(x, ab) = 1}, ϕ(ab) = |Z∗

a × Z∗
b |.

For n = ab, we may use the remark and compute:

ϕ(ab) = |Z∗
ab|

= |{x ∈ Zab | gcd(x, ab) = 1}|
= |{x ∈ Zab | gcd(x, a) · gcd(x, b) = 1}|
= |{x ∈ Zab | gcd(x, a) = 1 ∧ gcd(x, b) = 1}|
≤ |{x ∈ Za | gcd(x, a) = 1}| · |{y ∈ Zb | gcd(y, b) = 1}|
= |Z∗

a| · |Z∗
b |.

Since gcd(a, b) = 1, we can use the Chinese Remainder Theorem:

f : Zab → Za × Zb,

f(x) = (x mod a, x mod b).

It follows that f(x) = f(y)⇔ x = y and x 6= y ⇔ f(x) 6= f(y) hold and thus:

|Z∗
ab| ≥ |Z∗

b | · |Z∗
b |.

Thus we can conclude that equality holds:

ϕ(ab) = |Z∗
ab| = |Z∗

a| · |Z∗
b | = ϕ(a)ϕ(b). �


